Dipolaritons are quasiparticles that arise in coupled quantum wells embedded in a microcavity, they are a superposition of a photon, a direct exciton and an indirect exciton. We propose the existence of dipolaritons in a system of two coupled quantum dots inside a microcavity in direct analogy with the quantum well case and find that, despite some similarities, dipolaritons in quantum dots have different properties and can lead to true dark polariton states. We use a finite system theory to study the effects of the magnetic field on the system, including the emission, and find that it can be used as a control parameter of the properties of excitons and dipolaritons, and the overall magnetic behaviour of the structure.
I. INTRODUCTION
Microcavities with active media embedded in them are structures of great interest in the development of quantum computation and the study of fundamental physics, 1 these devices are the solid-state implementation of the Purcell effect.
2,3 Typical examples are quantum wells (QWs) or quantum dots (QDs) in micropillars or photonic crystals.
4-7 Exciton polaritons are quasiparticles that arise in this kind of systems when a strong coupling between matter excitations and cavity photons is obtained. 8, 9 From their excitonic component, polaritons are provided with strong non-linear interactions, and a very small effective mass is inherited from their photonic contribution;
10 these and other characteristics make polaritons quasiparticles of high interest in research, leading to the development of the field known as polaritonics.
11-15
The usage of double QWs as active media inside a microcavity leads to the formation of a new kind of polaritons. [16] [17] [18] [19] . The QWs are electrically tuned to allow the tunnelling of charge carriers and the subsequent formation of bound electron-hole pairs with the charges confined in different layers, known as indirect excitons (IX). The latter do not interact with cavity photons (C) but are electrically coupled with direct excitons (DX), electron-hole pairs in the same QW. The three-way superposition of DX, IX and C is a dipolariton, a polariton with a large dipole moment due to its indirect exciton part. Recently, dipolaritons in QW systems have been predicted to be suitable for the observation of superradiant terahertz (THz) emission and THz lasing, [20] [21] [22] single-photon emission, 23, 24 Bose-Einstein condensation, 25, 26 polariton bistability, 27 and the realization of high-fidelity quantum gates. 28 Meanwhile, other research has focused on the effects of the pumping, 29 and the electrical control of strong coupling 30 and spin interactions 31 . An analogue system can be fabricated replacing the QWs with QDs. As quantum dots are usually known as artificial atoms, the coupling of 2 or more of them is called a quantum dot molecule (QDM). [32] [33] [34] Similarly to the QW setup, an electric field can be used to enhance the tunnelling coupling between dots and allow the formation of IXs. [35] [36] [37] [38] Thus, in principle, it is possible to generate dipolaritons in a QDM embedded in a microcavity (Fig.  1) . In this paper we explore this idea and study the differences and similarities between QD dipolaritons and their QW counterpart. Moreover, we include a constant magnetic field and propose it as a control channel of the properties of the system. Our main findings include the existence of true dark polariton states (despite the controversy around this states in QWs), 18, 19, 30 a scaling law for the energy of the system and a change in the magnetic response.
The paper is structured as follows. In Sec. II we introduce the finite system hamiltonian used to describe the system of interest. The study of the properties of excitons in a QDM is presented in Sec. III. In Sec. IV we propose the existence of dipolaritons in QDs and investigate their properties under the presence of a magnetic field. Finally, in Sec V, we present the extension to multiexcitonic QDs using a variational method. Sec. VI includes a summary and conclusions of the work. The system consists of a microcavity that confines two layers of vertically aligned InGaAs quantum dots, separated by a distance d, in the presence of a constant magnetic field B in the growth direction of the structure, 39 as shown in Fig. 1 . The cavity is such that the energy levels are spaced enough allowing us to consider a single light mode. Only one QD is in strong coupling with the light field and the interaction is described upon dipolar and rotating wave approximations. For simplicity, we consider tunnelling between dots to be only of electrons, this is usually done experimentally by including a bias voltage V b that tunes the conduction band levels and detunes the valence bands. 35, 37 With the above considerations, one dot confines both electrons and holes (labelled as 1) and the other one confines electrons only (labelled as 2), such that the hamiltonian can be written as: (1)
The state |i corresponds to a Landau level of an electron in a magnetic field, determined by radial n i and angular momentum l i quantum numbers. |ī for holes represents the same state |i for electrons except in the opposite sign of the angular momentum. 40 The single particle energies are (α = e 1 , e 2 , h):
where ω α c = eB/m α c is the cyclotron frequency, m e = 0.05m 0 and m h = 0.07m 0 are the effective masses with m 0 the free electron mass, ω α is the strength of the in-plane harmonic confinement inside the dots, E gap = 850meV is the energy gap of the material which is included in the electron energies only, and E α 0 is an offset that arises from the confinement in the z direction and bias voltage. The tunnelling coupling is considered elastic 37,43,44 with strength T e . All the distances are in units of the magnetic length l B = 2 c/eB.
Spin degrees of freedom are ignored by considering a single polarization of light coupling with a specific spin orientation of electrons and holes, and by neglecting exchange effects. This argument is valid because tunnelling is considered elastic and Coulomb interaction does not change spin orientation.
III. EXCITONS IN A QDM
To study the properties of excitons in QDMs we focus on the system without light i.e., ω = g = 0 in Eq. (1).
InGaAs is a material with a direct band gap and, since the tunnelling is elastic, the total angular momentum is a conserved quantity. 45 The number of excitons defined as: 40, 46, 47 
is another conserved quantity. Therefore, the hamiltonian is diagonalized for a fixed manifold, using a basis composed of states constructed as products: |S e1 |S e2 |S h , with zero total angular momentum and equal number of electrons and holes. 40, 45, 47 |S represents a Slater determinant of single particle states of electrons in each dot or holes. The lowest eigenvalue will represent the groundstate energy and the corresponding linear combination of states used for the diagonalization will be the ground-state ket, similarly, the excited states are obtained.
It is important to notice that the Landau basis is infinite and must be truncated at a certain l max and n max . This truncation is, in principle, due to computational reasons, however, it is also natural for the system since states with a large angular momentum and energy will overcome the confinement in the QD and leave.
The diagonalization of the hamiltonian was performed using a basis constructed as explained above and composed of 120 single particle (Landau) states, distributed in 3 levels, i.e., n max = 2. We focused on a single exciton N exc = 1, however, the extension to several electron-hole pairs is straightforward. First, we ignore the tunnelling and plot the energies of the DX and IX for several values of magnetic field, the results are depicted in Fig. 2 . We The strengths of the parabolic confinements were taken as ω h = 8meV, ωe 1 = 12meV and ωe 2 = 18meV, and the separation between dots was fixed at 10nm. The corresponding energy offsets due to the confinement in the z direction were set as E h 0 = 10meV and E e 1 0 = 15meV, and E e 2 0 was set such that, by means of the bias voltage, the single particle electron states with quantum numbers n = 0 and l = 0, in both quantum dots, are tuned at the same energy.
see that while the IX energy increases monotonically with B, the DX energy has a richer behaviour. At low values of the magnetic field (B < 5T ) the Coulomb interaction gives a relevant contribution ∼ − √ B that decreases the energy. 48 As the field increases, the contribution of Landau energies ∼ ω c ∝ B becomes more relevant than Coulomb interactions and the energy starts increasing, causing a change in the slope. The IX has a simpler behaviour due to the spatial separation of the charge carriers that reduces the Coulomb matrix elements causing the effect of Coulomb's interaction to be almost lost.
In Fig. 3 we plot the energy and composition of the ground and first excited state of the tunnel-coupled system, for several values of the magnetic field. The expected avoided crossing between the energies of Fig. 2 is found. The composition of the ground state follows a behaviour that can be expected from the results in Fig. 2 . At small values of the magnetic field, for the used parameters, the IX has lower energy than the DX, for this reason the ground state is highly composed of IX. As the field increases, the DX and IX have similar energies and the ground state becomes a superposition of the two kinds of excitons. Finally, at high magnetic fields, the DX has lower energy compared to the IX and becomes the most relevant contribution on the composition. A similar analysis can be performed for the first excited state but there is something to note for B > 15T. The IX composition of the state decreases while the DX counterpart increases, this occurs because the IX exceeds the energy of a higher excited state of the DX branch, DX(2s). The magnetic field provides an extra control channel that, jointly with the bias voltage, may be used to manipulate the IX fraction in the system, i.e., the overall dipole moment.
IV. POLARITONS IN QDMS
In the previous section, the numerical diagonalization method was used to investigate both direct and indirect excitons' features. Now we extend this procedure to take light-matter interaction into account for the generation of polaritons with a large dipole moment.
We define dipolaritons in QDs as the dressed states of the hamiltonian (1). As in the QW case, they are a superposition of a DX, an IX and a cavity photon C; the IX provides the large dipole moment and a longer lifetime. The analogy with the QW case is straightforward, however, provided its fully quantisation and small number of excitations, one might expect quantum properties to be at its maximum expression in QDs; this is a fundamental discussion that still arises for usual polaritons 49 and we leave it for future research.
When light is included, the hamiltonian commutes with the number of dipolaritons operator defined as:
again, the hamiltonian is diagonalized for a fixed manifold. We construct a basis similar to the one used in Sec. III but including a Fock state for the light: |N ph |S e1 |S e2 |S h . We study the situation with the lowest non-trivial manifold: N dip = 1.
A. Dipolariton modes
The first four eigenenergies of the system and the composition of the corresponding eigenstates as a function of the photon energy are plotted in Fig. 4 . The bare energies of the photon, indirect exciton and direct exciton are plotted with dashed lines as a reference. As in Ref. 18 , the three dipolariton branches are recognized. The avoided crossing between the lower dipolariton LP and middle dipolariton MP branches occurs due to light-matter interaction. The anticrossing between the MP and the upper dipolariton UP branches has the same reason, however, this splitting is reduced due to the tunnelling given the fact that IXs do not couple with light. From the composition of the dipolariton branches we can see that the optical detuning determines if the electron spends more time shuttling between QDs or Rabi flopping on the DX transition, 18 e.g., for ω > 887meV, the LP spends more time oscillating between DX and IX but for ω < 887meV, the LP tends to perform Rabi oscillations.
Effective models like the ones used in Refs. 18, 20-22, 25, and 27 cannot predict the avoided crossing between the UP and a higher energy branch shown in Fig. 4a . Our finite system model allows us to have access to higher excited states of the excitons, in particular, of the direct exciton DX(2s), this anticrossing causes the UP to increase its composition of DX for high values of the photon energy (Fig. 4b) , exhibiting the limitations of effective models.
When the cavity photon and the indirect exciton have the same energy, the DX fraction is zero at the MP branch, therefore, the dipolariton becomes a mixture of C and IX that are not Rabi-coupled, this state is known as dark polariton and is a prediction of the model used in Ref. 18 . It was pointed out in Ref. 30 that this dark polariton state was just an artefact of the effective model that neglects higher excited states of the excitons, furthermore, the authors claim that no dark polariton is possible with QW dipolaritons. Our model including both the internal structure of excitons and their higher excited states, still predicts the dark polariton in the MP branch, showing that despite the similarity in the dispersion relations of QW and QD dipolaritons (Fig. 4a) , differences in system parameters lead to properties that distinguish both classes of polaritons, making worthwhile the study of the quantum dot situation.
B. Effects of magnetic field on a single dipolariton
To see the effects of the magnetic field on a single dipolariton, we plot the energy of the ground state and the first excited state as a function of the magnetic field, the results are shown in Fig. 5 . Photon energy does not depend on the magnetic field while the energy of the superposition of DX and IX increases with the field; at B ∼ 7T both energies are near resonance and the light-matter interaction causes an avoided crossing.
The composition of the LP and the MP branches are plotted in the upper panels of Fig. 5 . At low B, the LP is completely composed of IX, in contrast, the MP is completely composed of light. Increasing the field, the composition of the states can be controlled to become a mixture of the three modes: IX, DX and C. Finally, at high values of the magnetic field, the matter acquires higher energy than light and the LP acquires a high photonic fraction. This tuning of the composition of the dipolaritons with the magnetic field can be complemented with the bias voltage and the light mode energy (with a wedged cavity), thereby, becoming a highly controllable system.
C. Emission
Regardless of our non-dissipative model, the intensity of the emission can be obtained from the probability of annihilating a photon:
where |N dip and |N dip − 1 denote a state with dipolariton number N dip and N dip − 1, respectively. We assume that the system is operating at low temperatures, then the initial state is the ground state of the N dip system. From the computation of Eq. (5) we find that the transition to the ground state of the N dip − 1 system is the only one with a significant contribution to the intensity.
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The position and intensity of the emission line as a function of N dip for several values of B are calculated from Eq. (5) and depicted in Fig. 6 . The number of electron-hole pairs (N exc ) is restricted to a maximum of 1, this situation is usual, for example, in self-assembled QDs. As expected, at the limit N dip N exc , light is emitted at bare photon energies and I ≈ N dip . When N dip ∼ N exc the excitons enhance the trapping of light, decreasing the intensity of the emission, and causing a red-shift. At B = 5T the system is near resonance, the emission is minimum and highly red-shifted. Different values of the magnetic field can be used to control the emission.
V. MULTIEXCITONIC QDS
Based on the variational method developed for excitons and polaritons in Refs. 46, 48, and 50, we use an extension of a BCS-like state as a trial function:
where |σ represents a coherent state of light, u 2 n is the probability of not having an electron-hole pair, v 2 n (w 2 n ) is the probability of having a direct (indirect) pair in the state n and N states is the number of states we consider in our finite basis. The normalization condition of the BCS-like function is u 2 n + v 2 n + w 2 n = 1. By minimizing the mean value of the hamiltonian H calculated using the trial function from Eq. (6), with respect to σ, v n and w n , imposing a fixed mean number of dipolaritons, we obtain a set of self-consistent equations that are iteratively solved to the desired accuracy. We consider bigger quantum dots that can confine several excitons, this is manifested in smaller values of the parabolic confinements. the energy of the excitons increase causing the state to be highly photon populated.
The energy of the system as a function of the magnetic field, is displayed in Fig. 8 . In contrast with Fig. 2 , for the parameters used the IX has higher energy than the DX, this causes the ground state of the system to have a high component of direct excitons. Therefore, as in Fig. 2 , the energy decreases at low B, but for B > 5T the total energy of the system rises because the IXs and DXs' energy augments; this change in the slope indicates a switch from paramagnetic to diamagnetic response. As in Ref. 48 for polaritons, we find the scaling E ∼ N dip as an indicator that the effective interactions between dipolaritons are weak.
We see that the overall behaviour is similar to the usual polariton situation, however, the longer lifetimes and extra control channels give polaritons in QDMs advantages with respect to those in individual QDs.
VI. CONCLUSIONS
We have described the properties of a quantum dot molecule embedded in a semiconductor microcavity proposing the formation of dipolaritons in QDs. The latter are found to be similar to their QW analogue but we predict them to exhibit true dark polariton states. The quantum finite system theory developed predicts the magnetic field to be a control parameter for the composition and energy of dipolaritons, and shows that it can be used to control the number of photons inside the cavity and the magnetic response of the system. Our approach is different to what have been done previously with coupled QDs and provides a new perspective for their implementation in quantum devices. Dipolaritons in QDs is an interesting direction for current research in polaritonics given the recent results for their QW analogue ranging from single photon emission to the possible realization of quantum gates, results where the fully quantised nature of QDs may be of great impact. 
